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Original problem in HW1 is a stable iteration
r e s t a r t :
s e r : = c o n v e r t ( s e r i e s (  ( s q r t ( 1 + ( t + d t ) ^ 2 ) - 1 ) / ( t + d t ) ,  d t ,  2 ) ,  
polynom);

x : =e v a l ( s e r , d t = 0 ) ;

d x : = s i m p l i f y ( s e r - x ) ;

d t : = t * r e l _ t ;

r e l _ x : = d x / x ;

We can cause a problem with error propagation (is it serious or not?) by changing slightly the iteration:
r e s t a r t :
s e r : = c o n v e r t ( s e r i e s (  ( 1 - s q r t ( 1 - ( t + d t ) ^ 2 ) ) / ( t + d t ) ,  d t ,  2 ) ,  
polynom);

x : = e v a l ( s e r , d t = 0 ) :
d x : = s i m p l i f y ( s e r - x ) :
d t : = t * r e l _ t :
r e l _ x : = s i m p l i f y ( d x / x ) ;

Original iteration with roundoff problem and 100 digits
r e s t a r t :
N _ i t e r : = 2 5 :
x : = V e c t o r ( N _ i t e r , 0 ) :
D ig i ts :=100 :
t [ 0 ] : = 1 / s q r t ( 3 . 0 ) ;

f o r  i  f r o m  1  t o  N _ i t e r d o ;  t [ i ] : = ( s q r t ( 1 + t [ i - 1 ] ^ 2 ) - 1 ) / t [ i - 1 ] :  x
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[ i ] : = 6 * 2 ^ i * t [ i ] :  o d :
e r r : = ( x [N _ i t e r] - P i ) / P i :  e v a l h f ( e r r ) ;

e v a l h f ( x [N _ i t e r - 9. .N _ i t e r ]) ;

Original iteration with roundoff problem and 16 digits
r e s t a r t :
N _ i t e r : = 2 0 :
x:=Vector (N _ i t e r, 0 ) :
D i g i t s : = 1 6 :
t [ 0 ] : = 1 / s q r t ( 3 . 0 ) ;

f o r  i  f r o m  1  t o  N _ i t e r d o ;  t [ i ] : = ( s q r t ( 1 + t [ i - 1 ] ^ 2 ) - 1 ) / t [ i - 1 ] :  x
[ i ] : = 6 * 2 ^ i * t [ i ] :  o d :
e r r : = ( x [N _ i t e r] - P i ) / P i :  e v a l h f ( e r r ) ;

e v a l h f ( x [N _ i t e r - 9 . . N _ i t e r ] ) ;

Fixed iteration with 16 digits
r e s t a r t :
N _ i t e r : = 2 5 :
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x : = V e c t o r ( N _ i t e r , 0 ) :
D i g i t s : = 1 6 :
t [ 0 ] : = 1 / s q r t ( 3 . 0 ) ;

f o r  i  f r o m  1  t o  N _ i t e r  d o ;  t [ i ] : = t [ i - 1 ] /( s q r t ( 1 + t [ i - 1 ] ^ 2 ) + 1 ):  x
[ i ] : = 6 * 2 ^ i * t [ i ] :  o d :
e r r : = ( x [ N _ i t e r ] - P i ) / P i :  e v a l h f ( e r r ) ;

e v a l h f ( x [ N _ i t e r - 9 . . N _ i t e r ] ) ;

New iteration with stability problem and 100 digits
r e s t a r t :
N _ i t e r : = 2 5 :
x : = V e c t o r ( N _ i t e r , 0 ) :
D ig i ts :=100 :
t [ 0 ] : = 0 . 9 9 9 9 9 ;

t 0 : = t [ 0 ] :
f o r  i  f r o m  1  t o  N _ i t e r  d o ;  t [ i ] : = t [ i - 1 ] / ( 1 + s q r t ( 1 - t [ i - 1 ] ^ 2 ) ) :  x
[ i ] : = 2 ^ i * t [ i ] :  o d :
x _ t r u e : = c o n v e r t ( x , l i s t ) :  t _ t r u e : = [ s e q ( t [ i ] , i = 1 . . N _ i t e r ) ] :
e v a l h f ( x [ N _ i t e r - 9 . . N _ i t e r ] ) ;
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This iteration also converges to some number:
x _ t r u e [ N _ i t e r ] ;

6.1030338227587695437298449344324037578095844495070996800291311236222467560091\
67587266700683136438631

Although this iteration has some initial growth of the errors, it is not catastrophic, but we do loose 
almost 4 digits.
New iteration with stability problem and 16 digits

x : = V e c t o r ( N _ i t e r , 0 ) :
D i g i t s : = 1 6 :
d t : =1 e - 1 2 :  #  P e r t u r b  t h e  i n i t i a l  i t e r a t i o n  b y  a  l i t t l e
t [ 0 ] : = t 0 + d t ;

f o r  i  f r o m  1  t o  N _ i t e r  d o ;  t [ i ] : = t [ i - 1 ] / ( 1 + s q r t ( 1 - t [ i - 1 ] ^ 2 ) ) :  x
[ i ] : = 2 ^ i * t [ i ] :  o d :
r e l _ e r r : = ( x [ N _ i t e r ] - x _ t r u e [ N _ i t e r ] ) /x _ t r u e [ N _ i t e r ];

r e l _ e r r _ 1 : = ( x [ 1 ] - x _ t r u e [ 1 ] ) / x _ t r u e [ 1 ] ;

D i g i t s : = 1 2 :  #  J u s t  t o  p r i n t  s h o r t e r  n u m b e r s  ( t h e r e  a r e  b e t t e r  
ways)
s e q ( ( x [ i ] - x _ t r u e [ i ] ) /x _ t r u e [ i ] ,  i = 1 . . 1 0 ) ;

r e l _ e r r _ 1 / d t ;
223.611793703

e v a l f ( 1 / s q r t ( 1 - t 0 ^ 2 ) ) ;
223.607356769

How many digits did we perturb the answer by:
r e l _ e r r / d t ;

8192.78074677
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>  >  mul(1 / s q r t ( 1 - t [ i ] ^ 2 ) ,  i = 0 . . N _ i t e r ) ;
8192.60650364


